Collect homework, and comments on how to improve the 

homework (mention I’ll collect these on Thursday, too).

Any questions about the homework or the material?

TODAY:


Loose end #1: linear recurrence relations: 

the non-diagonalizable case


Loose end #2: difference tables: checking our answer


Paths in directed graphs


Applying Cayley-Hamilton

Loose ends:

1) My treatment of the non-diagonalizable case:

There was a gap in my logic.

I showed that if M is a diagonalizable 2-by-2 matrix with eigenvalues r and s, then for suitable constants A,B,C,D,E,F,G,H,

            [Ar^n+Bs^n    Cr^n+Ds^n]

M^n = [                                          ]

            [ Er^n+Fs^n    Gr^n+Hs^n].

But suppose M is not diagonalizable, with characteristic polynomial p(t) = det(tI-M) = (t-r)(t-r).  Then I claimed that, for suitable constants A,B,C,D,E,F,G,H,

            [Ar^n+Bnr^n    Cr^n+Dnr^n]

M^n = [                                          ]

            [ Er^n+Fnr^n    Gr^n+Hnr^n].

Why is this true?

A powerful theorem that applies here is the Cayley-Hamilton theorem.

It says that if you replace t by M itself in the characteristic polynomial, you get the zero matrix.

Try it for

        [2 1] 

M = [0 2]: p(t) = (t-2)(t-2)-(1)(0) = t^2 –4t + 4.

Let’s compute M^2 – 4M + 4I:

[4 4]    [8 4]    [4 0]    [0 0]

[0 4] – [0 8] + [0 4] = [0 0]

Multiplying by M, we get M^3 – 4M^2 + 4M = 0, too:

[8 12]    [16 16]    [8 4]    [0 0]

[0   8] – [ 0  16] + [0 8] = [0 0]

Etc.

So, for instance, if we define f(n) = the upper left entry of M^n, we have f(2) – 4f(1) + 4f(0) = 0, f(3) – 4f(2) + 4f(1) = 0, etc.

That is, the sequence f(0),f(1),f(2),… is annihilated by the linear operator p(T), where p(t) is the characteristic polynomial of M.

Likewise for the other entries.

Likewise for other 2-by-2 matrices.

Likewise for larger matrices, e.g.

[2 1 0]

[0 2 1]

[0 0 2]

Cayley Hamilton Theorem: Let M be a matrix with characteristic polynomial p(t) = det(tI-M) (its roots are the eigenvalues of M).

Then p(M)=0.

Proof for the 2-by-2 case:

M = [[a,b],[c,d]].

tI-M = [[t-a,-b],[-c,t-d]]

det(tI-M) = (t-a)(t-d)-bc = t^2 – (a+d)t + (ad-bc).

M^2 = [[a^2+bc,ab+bd],[ac+cd,bc+d^2]]

(a+d)M = [[a^2+ad,ab+bd],[ac+cd,ad+d^2]]

(ad-bc)I = [[ad-bc,0],[0,ad-bc]]

M^2 – (a+d)M + (ad-bc)I = 0.

We’ll prove the general Cayley-Hamilton theorem later.]

2) Last time we set ourselves the goal of finding a cubic polynomial p(x) that takes the values 0, 1, 5, 15, 34, 65, 111, ... for n = 0, 1, 2, … .

We used the difference table
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and asserted that p(n) must equal 

0(1)+1(n)+3(n(n-1)/2)+3(n(n-1)(n-2)/6)

Check: This = (1)n+(3/2)n^2-(3/2)n+(3/6)n^3-(9/6)n^2+(6/6)n

=(1/2)n^3+(1/2)n=(n^3+n)/2, which works.

Why is this always an integer?

Fact: Any polynomial p(n) of degree ( 3 that takes on only integer values when n is an integer is an integral combination of the polynomials 1, t, t(t-1)/2, t(t-1)(t-2)/6.  More generally, Any polynomial p(n) that takes on only integer values when n is an integer is an integral combination of 1, t, t(t-1)/2, t(t-1)(t-2)/6, …

These functions form the “falling factorial basis” for the space of polynomials, just as the polynomials 1, t, t^2, t^3, ... form the “monomial basis” for the space of polynomials.

One often writes (t)_0 = 1, (t)_1 = t, (t)_2 = t(t-1)/2, ...

Back to the main story!

COUNTING PATHS

Problem: How many length-n sequences of 0’s and 1’s are there

such that no two 1’s occur consecutively?

Call this A_n.

A_0 = 1, A_1 = 2, A_2 = 3, A_3 = 5, ...

Equivalently, how many length-n paths (define) are there

through the following network?

Draw picture, with sources and sinks marked.

``Dynamic programming’’

Illustrate, working backwards.

A finite DAG (directed acyclic graph) is a finite set of vertices

with arcs connecting one vertex to another, such that

two vertices are linked by only finitely many arcs, and

there are no infinite paths.  In any finite DAG, there are 

only finitely many paths connecting any two vertices.

Write N(x,y) as the number of paths from x to y.

Note N(x,x) = 1 for all x.

Example: G = {(i,j): i,j geq 0}, arcs connect (i,j) to (i+1,j), (i,j+1)

N((0,0),(m,n)) = (m+n)!/m!n! (binomial coefficients).

