Any questions?

Paul Terwilliger will lecture on Thursday; I’ll be back on Tuesday

Let’s weight each Dyck path according to the area between it and


the horizontal axis.

More precisely, a Dyck path has weight q^m x^n if the area under 

it is m and its length is 2n.

Let F(x,q) = sum of all the weights of all the Dyck paths


= 1 + q x + (q^2+q^4) x^2 + (q^3+2q^5+q^7+q^9) x^3 + ...

Claim: F(x,q) = 1 + x q F(xq^2,q) F(x,q)

(Reason: If a Dyck path from (0,0) to (2k,0) has weight q^m x^k,


then when it is shifted into a path from (1,1) to (2k+1,1)


and used as part of a longer Dyck path, it should contribute


q^(m+2k) x^k = q^m (x q^2)^k towards the weight.)

(1 – x q F(xq^2,q))F(x,q) = 1

F(x,q) = 1/(1- xq F(xq^2,q))

F(xq^2,q) = 1/(1-xq^3F(xq^4,q))

F(xq^4,q) = 1/(1-xq^5F(xq^6,q))

So F(x,q) = 1/(1-xq/(1-xq^3/(1-xq^5/(1-...)))).

Check: Putting q=1, we get 1/(1-x/(1-x/(1-...)))

If instead we put x=1, we get the continued fraction


1/(1-q/(1-q^3/(1-q^5/(1-...))))


= 1+q+q^2+q^3+2q^4+3q^5+4q^6+6q^7+...

This is the right answer for Catalan-paths-by-area.

(Note how important it was to have the x-variable as scaffolding!)

