Any questions about the homework or the material?

TODAY:

Irreducible tilings

Transfer matrices and traces

Irreducible tilings

For m fixed, say a tiling of an m-by-n rectangle is irreducible if it


cannot be divided into a tiling of an m-by-p rectangle and


a tiling of an m-by-q rectangle, with p+q=n.

Show a picture of a non-irreducible tiling and an irreducible tiling.

We can associate each tiling of a rectangle of height m with a


sequence of irreducible tilings 

Application to domino-tilings of 2-by-n rectangles: …

Application to domino-tilings of 3-by-n rectangles: … (class discussion)

Count irreducible tilings: 

Let’s use

u M’ M’ M’ ... M’ M v, 

where M is the transition matrix and M’ is a modified transition matrix that prohibits you from having a break.

If we count a tiling of the 3-by-2n rectangle as having weight 2n,

the g.f. for irreducible tilings is

 3x^2 + 2x^4 + 2x^6 + … = (3x^2 – x^4) / (1 – x^2)

and the g.f. for all tilings is

1/(1-(3x^2-x^4)/(1-x^2)) = (1-x^2)/(1-4x^2+x^4)

Alternatively, if you already knew the generating function for all tilings of the 3-by-n rectangle, you could work backwards to find the generating function for the irreducible tilings.

Doing it both ways gives you a way to check your work.

This is what I want you to do for assignment set #10, problem #1. I want you to effectively solve the whole problem two different ways.  See the new posted version of the problem.  I’ve postponed the due-date to a week from today.

H.W. #10: The part about irreducible tilings is due next Tuesday; maybe the second part too (I’ll let you know on Thursday)

Transfer matrices and traces

Have class discussion of domino-tilings of the cylinder.

Theorem: Define the generating function 

T(x) = sum_{n geq 1} Tr(A^n) x^n.

(Motivate with transfer matrices.)

Then


T(x) = – x Q’(x) / Q(x),

where Q(x) = det(I – xA).

Proof: Let omega_1,...,omega_r be the non-zero eigenvalues of A.

Then Tr(A^n) = (omega_1)^n + ... + (omega_r)^n, so


T(x) = (omega_1 x) / (1 – omega_1 x) + ...



+ (omega_r x) / (1 – omega_r x).

When put over the denominator 

(1 – omega_1 x) ... (1 – omega_r x) = Q(x), 

the numerator becomes – x Q’(x).

Why do we exclude n=0 from the sum?

Extraneous eigenvalues equal to 0.

Application:

Count domino tilings of a 2-by-n cylinder obtained from the 2-by-n rectangle by gluing the left and right ends (of length 2).

Create a 5-symbol representation, so that the tilings are closed paths.  Get 

Q(x) = (1-x^2) (1-x-x^2),

– x Q’(x) / Q(x) = (2x^2) / (1-x^2) + (x+2x^2) / (1-x-x^2).

= (x+4x^2–3x^3–4x^4) / (1–x–2x^2+x^3+x^4)

At the sequence level,

(1,5,4,9,11,20,...) = (0,2,0,2,0,2,...) + (1,3,4,7,11,18,...)

Why didn’t we include an n=0 term in the sum?

Note that we can know Tr(A^n) for all integers n not equal to 0

and still not know Tr(A^0).

Also note that the sequence f(0),f(1),f(2),...whose generating function is  – x Q’(xt) / Q(x) for all non-negative n

does NOT satisfy a linear recurrence relation

valid throughout the full range of definition of f(n).

This is important 

for solving one of the homework problems correctly!
Mention reciprocity (i.e. “up-to-sign” palindromicity of coefficients in denominator), and the fact that it’s an open question for the projective plane.
