Any questions about the homework or the material?

TODAY:

Weighted enumeration (concluded)

The addition and multiplication principles

Irreducible tilings

Weighted matchings

“If we tile a 2-by-n rectangle with dominos,

what fraction of the tiles will be vertical?”

Let a domino tiling with k vertical dominos have weight w^k, let p_n (w) be the sum of the weights of the domino tilings of the 2-by-n rectangle, so that p’_n (1) / p_n (1) = average number of vertical tiles per domino tiling of the 2-by-n rectangle.  We want asymptotic formulas for p_n (1) and p’_n (1).  Since

sum p_n (w) = 1 / (1 – wx – x^2)

we have

sum p’_n (w) x^n = (d/dw) 1 / (1 – wx – x^2) 

  = x / (1 – wx – x^2)^2.

So

sum p_n (1) x^n = 1 / (1 – x – x^2) and

and

sum p’_n (1) x^n = x / (1 – x – x^2)^2.

With r = (1+sqrt(5))/2 and s = (1-sqrt(5))/2, we get

p’_n (1) = ((sqrt(5)+1)/10) n r^n + (2 sqrt(5) / 25) r^n

     – ((sqrt(5)–1)/10) n s^n  – (2 sqrt(5) / 25) s^n

p’_n (1) approx ((sqrt(5)+1) / 10) n r^n = (r/5) n r^n

p_n (1)  approx (1/sqrt(5)) r^(n+1) = (r/sqrt(5)) r^n

p’_n (1) / n p_n (1)  converges to  sqrt(5)/5 = .447...

That is, if you pick at random one of the tilings

of the 2-by-n rectangle, when n is very large,

the proportion of the rectangle that is covered by vertical dominos

converges to about 44.7 percent.

The point is not the specific value;

the point is that it has to be algebraic,

and we could see this ahead of time.

So 1/e is out.

(This method will help you with the problem that was originally due today but is now due on Tuesday.)

A single-variable generating function can be thought of as a sum of weights.  E.g., if each domino tiling of a 2-by-n rectangle is given weight x^n, then the sum of the weights of all domino tilings of rectangles of height 2 equals 1 + x + 2x^2 + 3x^3 + 5x^4 + … = 1/(1-x-x^2).

Note that 1/(1-x-x^2) = 1/(1-(x+x^2)) = 1 + (x+x^2) + (x+x^2)^2 + (x+x^2)^3 + … .  Is this combinatorially meaningful? …

Addition Principle: Suppose every “Alice-sequence” of length n is either a “Bob-sequence” or a “Carol-sequence” (but not both).  Then A(x) = B(x) + C(x), where A(x), B(x), C(x) are the respective generating functions for the number of Alice-, Bob-, and Carol-sequences of length n.

Proof: Write 

A(x) = sum_n a(n) x^n, 

where 

a(n) = # of Alice-sequences of length n, 

and similarly for B(x) and C(x);

A(x) = B(x) + C(x)   equiv   (forall n) a_n = b_n + c_n .

Multiplication Principle: Suppose every “Alice-sequence” can be written in a unique way as an “Bob-sequence” followed by a “Carol-sequence”.  Then A(x) = B(x) C(x), where A(x), B(x), C(x) are the respective generating functions for Alice-, Bob-, and Carol-sequences (and similarly for composite sequences made by concatenating three or more sequence-types).

Proof: With a(n), b(n), and c(n) as before, 

A(x) = B(x) C(x)   equiv  (forall n) 

a_n = b_0 c_n + b_1 c_{n-1} + b_2 c_{n-2} + ... + b_n c_0. 

The Addition and Multiplication Lemmas extend to situations involving three, four, ... different kinds of sequences.

An important application is the following:

Suppose every Alice sequence can be written as a (possibly empty) concatenation of Bob sequences in a unique way, and suppose conversely that every concatenation of Bob sequences gives an Alice sequence Then the generating function A(x) and B(x) for Alice-sequences and Bob-sequences satisfies A(x) = 1/(1-B(x)).

(Note that the hypotheses imply that the empty sequence is not a Bob-sequence but is an Alice sequence.)

Proof: A(x) = 1 + B(x) + B(x)^2 + B(x)^3 + … = 1/(1-B(x)).

Application to domino-tilings of 2-by-n rectangles: … (class discussion)
Irreducible tilings

Show a picture of a non-irreducible tiling and an irreducible tiling.

For m fixed, say a tiling of an m-by-n rectangle is irreducible if it


cannot be divided into a tiling of an m-by-i rectangle and


a tiling of an m-by-j rectangle, with i+j=n.

Application to domino-tilings of 2-by-n rectangles: …

Application to domino-tilings of 3-by-n rectangles: … (class discussion)
