Tilings, lattice paths, and routings

The number of tilings of a semiregular hexagon with sides of 

length a,b,c,a,b,c, using rhombuses with sides of length 1, is 

equal to 

H(a+b+c)H(a)H(b)H(c)/H(a+b)H(a+c)H(b+c) 

where H(n) = 1!2!...(n-1)!.  (We’ll prove this later in the 

semester.) 

For c=0, the hexagon becomes a parallelogram, and the number of


tilings is ... 1.

For c=1, the number of tilings is (a+b)!/a!b!.

Draw a tiling and the corresponding lattice path.

Why does the lattice path determine the tiling?

Add the dots everywhere, to explain this.

Here’s an analogous  way to count domino tilings of a 2-by-n 

rectangle:

Dana’s trick: color the squares of the 2-by-6

Show how the tiling corresponds to a lattice path 

See how the add-a-dot picture applies to rhombus tilings too

Count the lattice paths via dynamic programming

Wait a minute: why is this a bijection?

Break up into small groups and try it for a 3-by-6.

I’ll give you 5 minutes.

[PAUSE]

Half of the class did it right.

A domino tiling of a 3-by-6 rectangle corresponds to a path in the


DAG (show DAG) that joins the source s to the terminal t.

Compute the answer to be 41.

The other half of the class got stymied, because if you mark dots

the other way, a tiling corresponds to a 2-routing.

A domino tiling of a 3-by-6 rectangle also corresponds to a pair


of paths in the DAG (show DAG) that join s_1 to t_1 and

s_2 to t_2, such that the two paths do not intersect.

Is this a bijection? ... Yes.

We call such a pair of non-intersecting paths a 2-routing through


the DAG.

You could think of an ordinary path as a 1-routing.

How can we count 2-routings?

The exchange principle

We can count 2-routings with a variant of the reflection trick.

How many paths are there from s_1 to t_1 and from s_2 to t_2


that DO intersect each other?

(# of paths from s_1 to t_2) ( (# of paths from s_2 to t_1)

Discuss; stress role of planarity

Proof: Given paths P_1 from s_1 to t_1 and P_2 from s_2 to t_2


that intersect, let q be the leftmost point of intersection.

We exchange the partial paths connecting s_1 with q and 

connecting s_2 with q, obtaining a path P’_1 from s_2 to t_1 

and a path P’_2 from s_1 to t_2.  

Conversely, any two paths that connect s_2 to t_1 and s_1 to t_2

must intersect somewhere, so we can let q be the leftmost

point of intersection and exchange the paths joining the s_i’s

to q, obtaining two intersecting paths that join s_1 to t_1 and

s_2 to t_2.

So the number of 2-routings is 

N(s_1,t_1)N(s_2,t_2) – N(s_1,t_2)N(s_2,t_1).

Check this in the 3-by-6. 

Later in the term you’ll learn how to count 3-routings, 4-routings,


etc., but you might find it fun to play with this now!

