TODAY:

Coins in a fountain and continued fractions 

(correction from last time)

Student solutions

Dyck paths and continued fractions (fixed)

Let F(x,q) = sum of all the weights of all the Dyck paths


= 1 + q x + (q^2+q^4) x^2 + (q^3+2q^5+q^7+q^9) x^3 + ...,


where a Dyck path has weight q^m x^n if the area under 

it is m and its length is 2n.

Claim: F(x,q) = 1 + x q F(xq^2,q) F(x,q)

Consequence: F(x,q) = 1/(1-xq/(1-xq^3/(1-xq^5/(1-...)))).

and F(1,q) = 1/(1-q/(1-q^3/(1-q^5/(1-...))))

= 1+q+q^2+q^3+2q^4+3q^5+4q^6+6q^7+...

This is the right answer for Catalan-paths-by-area.

(Note how important it was to have the x-variable as scaffolding!)

What about “k-coin fountains”?  E.g., for k=5:

                             O                        O                      O        O  O

O  O  O  O  O,   O  O  O  O,   O  O  O  O,  O  O  O  O,  O  O  O

Here we get


1 + (q) x + (q^2 + q^3) x^2 + (q^3 + 2q^4 + q^5 + q^6) x^3



+ ...


= F(x sqrt(q),sqrt(q))


= 1/(1-xq/(1-xq^2/(1-xq^3/(1-...))))

so that


F(sqrt(q),sqrt(q))


= 1/(1-q/(1-q^2/(1-q^3/(1-...))))


= 1+q+q^2+2q^3+3q^4+5q^5+9q^6+15q^7+...

