TODAY:

The exchange principle, stated formally

Catalan numbers and triangulations

Catalan numbers and convolution

Coins in a fountain and continued fractions

Are there any particular topics you’d like me to address on Thursday? ...

How about if I have you present some of your homework solutions, including ways you’ve proved things that I merely asked you to conjecture, or found alternate solutions?

The exchange principle, stated formally

Suppose s_1, s_2 are sources in a DAG and t_1, t_2 are sinks, with

the property that a path that joins s_1 to t_2 and a path that joins s_2 to t_1 must have a vertex in common.  Then the number of 2-routings that join s_1 with t_1 and s_2 with t_2 by non-intersecting paths is equal to N_11 N_22 – N_12 N_21, where N_ij is the number of paths in the DAG from s_i to t_j.

Note the hypothesis!  It’s easy to come up with examples where the hypothesis isn’t satisfied and the formula fails.  Fortunately, in many circumstances the DAG is planar and the two sources and sinks are arranged on the boundary as s_1, t_1, t_2, s_2 [draw sketch], so that the hypothesis holds for topological reasons.

Catalan numbers and triangulations

C_n = # of triangulations of a convex (n+2)-gon (i.e.,

# of ways to choose n-1 of its diagonals so as to divide it

into n triangles)

Put on the board the Forder bijection (p. 142); 7-gon; n = 5 

Lead a discussion about it

Mention the tree structure (if no one else does)

Each triangulation of the (n+2)-gon turns into a Dyck path of 

length 2n:


(((ab)(c(de)))f)


1 2 1 2 3 4 3 2 1 2 1

What property of the triangulation corresponds to the fact that the


Dyck path returns to its original height 3 times? ...

number of triangles incident with the left vertex!

Working alone or in small groups for a couple of minutes, see if 

you can work out in a direct way a formula for the expected 

number of such triangles.
[2-3 MINUTES]

Anyone? ...

It has to be the same at each vertex.

So if you multiply by n+2 (= number of vertices), you should get ...


the total number of triangles? ... the total number of triangles 

times 3 = 3n

Since the average number of triangles that meet at the first vertex 

is 3n/(n+2), this is also the average number of times that a 

Dyck path of length 2n returns to its original height (as you conjectured or proved in the homework due today)

Catalan numbers and convolution

Each non-trivial Dyck path can be written in a unique way as a NE 

edge followed by a (possibly trivial) Dyck path followed by a 

SE edge followed by a (possibly trivial) Dyck path.  So if we 

let d_n be the number of Dyck paths of length 2n, we have

(*) d_n = d_0 d_{n-1} + d_1 d_{n-2} + ... 

+ d_{n-2} d_1 + d_{n-1} d_0


for all n geq 1.

Let D(x) = sum_{n \geq 0} d_n x^n.

Then for any n geq 1, the LHS of the recurrence relation is the 

coefficient of x^n in D(x), while the RHS is the coefficient of 

x^{n-1} in D(x)D(x).

So, if we multiply (*) by x^n and sum over all n geq 1, we have

D – 1 = xD^2 (where D is short for D(x)).

xD^2 – D + 1 = 0 allows us to solve via the quadratic formula.

xD – 1 + 1/D = 0 implies 1/D = 1 – xD implies D = 1/(1–xD)


implies D = 1/(1–x/(1–x/(1–...))), which gives us a good


recursive scheme for computing coefficients.

Or: D = 1+xD^2 implies 1+x(1+x(1+x(1+...)^2)^2)^2

Okay, but let’s dawdle over this a bit:

D = 1 + xD^2.  (This is sort of a prescription for Catalan objects!)

It’s also a recursive prescription for building rooted trees where 

each node either has no children or two children, labeled Left 

and Right.

Compare with F = 1 + xF + x^2F, which is a recursive recipe for 

building Fibonacci-like objects.

What about E = 1 + xE^3?

It has the principal solution E = 1+x(1+x(1+x(1+...)^3)^3)^3


= 1 + x + 3x^2 + 12x^3 + 55x^4 + 273x^5 + ....

Fixed point of taylor(x*%^3+1,x,6);

What is the combinatorial significance of this g.f.? ...

Rooted trees where each node either has no children or three


children, labeled Left, Middle, and Right.

Coins in a fountain and continued fractions

Let’s weight each Dyck path according to the area between it and


the horizontal axis.

More precisely, a Dyck path has weight q^m x^n if the area under 

it is m and its length is 2n.

Let F(x,q) = sum of all the weights of all the Dyck paths


= 1 + q x + (q^2+q^4) x^2 + (q^3+2q^5+q^7+q^9) x^3 + ...

Claim: F(x,q) = 1 + x q F(xq^2,q) F(x,q)

(Reason: If a Dyck path from (0,0) to (2k,0) has weight q^m x^k,


then when it is shifted into a path from (1,1) to (2k+1,1)


and used as part of a longer Dyck path, it should contribute


q^(m+2k) x^k = q^m (x q^2)^k towards the weight.)

(1 – x q F(xq^2,q))F(x,q) = 1

F(x,q) = 1/(1- xq F(xq^2,q))

F(xq^2,q) = 1/(1-xq^3F(xq^4,q))

F(xq^4,q) = 1/(1-xq^5F(xq^6,q))

So F(x,q) = 1/(1-xq/(1-xq^3/(1-xq^5/(1-...)))).

Check: Putting q=1, we get 1/(1-x/(1-x/(1-...)))

If instead we put x=1, we get the continued fraction


1/(1-q/(1-q^3/(1-q^5/(1-...))))


= 1+q+q^2+q^3+2q^4+3q^5+4q^6+6q^7+...

This is the right answer for Catalan-paths-by-area.

(Note how important it was to have the x-variable as scaffolding!)

What about “k-coin fountains”?  E.g., for k=5:

                             O                       O                       O        O  O

O  O  O  O  O,   O  O  O  O,   O  O  O  O,  O  O  O  O,  O  O  O

But for coins-in-a-fountain, we get


1+q+q^2+2q^3+3q^4+5q^5+9q^6+15q^7+...


= 1/(1-q/(1-q^2/(1-q^3/(1-...))))

